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Abstract

The difference sequence spaces, and were introduced by Kizmaz (Can. Math. Bull. 24:169-176, 1981). In this paper, | introduce the
sequence spaces and first difference sequence spaces.
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I. INTRODUCTION

From the title of this write up it is obvious that it deals with some concept of difference sequence spaces. In this paper I introduce the
spaces [,,c and c,. These are the spaces of complete bounded, convergent and null sequence respectively. | also give idea about first
difference sequence spaces.

Il1. DEFINITIONS AND NOTATIONS

A. The spaces [.,c andcy: The spaces l,c and ¢, are the linear spaces of complete bounded, convergent and null sequence
respectively.
i.e. lo={x = (xp): supg x| < o0}, ¢ ={x = (xp): limyxexists; }, co= {x = (xp): limyx,, = 0}

B. Normed linear space: Let X be a linear space over the field K (R or C) . A function ||.|| : X - Rissaid to be norm on X if it
satisfies the following conditions:-
- |Ix]l=0vxeX
- |Ix]IF0 = x =0
= llx+yll < llxli+lIyll v xye X
- Nlax||= |alllx]| ¥ x€ X,a € K

C. Banach space: A complete normed linear space over field K is called a Banach space.

D. Let (X,]]-]l) be a normed space.
— Asequence {x,} ¢ X is said to be convergent if 3 an x € X s.t. lim,_,||x,, — x||=0
— Asequence {X,} c X is said to be Cauchy sequence if for a given € > 0, 3 a + ve integer N s.t. ||x,, — x|l <¢€
vmmn =N
- The space X is complete if every Cauchy sequence in X converges to an element in X.

E. Subspace: A non-empty subset Y of a linear space X over K is a subspace of X if and only if xty eYand ax €Y,V x,y €
Yanda € K

F. Closed subspace: A subspace Y of a normed space X is called a closed subspace of X if Y is closed in X considered as a metric
space.

I11.FIRST DIFFERENCE SEQUENCE SPACES

The study of difference sequence spaces was initiated by Kizmaz [chand.Math.Bull.24(1981)], with the introduction of the
following sequence space.

loo (A) ={X= (Xy) : Ax € 1}, C(A) = {x= (%) : Ax € c}, co(A) ={X= (Xy) : AX € ¢}

Where Ax = (Axy) = (xx_Xk—1).1t was shown that these spaces are Banach spaces with the norm ||x]|,= |x1] + [IX]|co.
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A. Theorem:
1 (A), ¢ (A) and c,y(A) are the Banach spaces with the norm defind by |[x]|5= |x1] + |AX]| .

B. Proof:
We prove the theorem for 1,,(A).Other spaces can be treated similarly. We can easily show that 1.,(A) is a normed linear space.
Clearly ||x||, = 0V x € X, Suppose that ||x]|,=0

- = x|+ ||Ax]|=0

- = x|+ Suﬁlxk — Xg41/=0

- =[x =0, Su£|Xk — Xi41/=0

— = X;=0, |Xx — Xy4+1| =0 for each ke N

- =x,=0 foreachkeN

— = X = X, = 0(The Zero Sequence)
Conversely,
sup

If x=0, then [Ix|[o= |x1| + "} |xx — Xxq1| =0+0=0

C. Letxye),lo(A)Then [lx + ylla= |21 + yal + "N (xk + ¥i) — FKrr + Yierr)|

< x| +Hysl + Su£|(xk = X1 | + Suib’k = Y1l
=lxg | + SuiKXk — X1l + ya ] + Suib’k = Vi1l
=|lx[[a+ Iylla

D. Forany scalar a, we have [|exll; =[xy, ax,, ax; .||,

= lax, | + Suilaxk = WXpe41 |
= lallxg |+ el ™} (= Xl
= la| {lx,| + suﬁ|(xk — X1}
= |alllxlla
Thus 1, (A ) is a normed space.
Next we show that 1,(A) is complete. For this, Let (x™) be a Cauchy sequence in 1,(A ) where

2= () = (e x3, xF ) € 1 (A) foreachn € IN

i.e. (xf — xjtq) € l,for each ne IN, i.e. "% (xt — xjt,;) < o for each ne IN
Now ||x™ — x™||a = || Ceft 22, X% e v ) — 5 X 2 ) A

= —x xd — 7 xF =« ) A

= [xg — x| + Su£|(xircl = x¢") — (X1 — Xichal

As (x™) is a Cauchy sequence in 1, (A ), so for a given € > 0, 3 a positive integer N s.t.
[|x™ —x™||y<eVnm =N
— = -+ YGE - ) - (i — il <eVam 2N
- = |x}—x"I < gand "V G — 2 — (R — Xl <eVnm =N
- = |x x| < eand |(xf —x7") — (X4 — x5l <evnm =N
And foreachk € N
Now [ocg — x| = |(x7 —x5" ) — Cxf' —x") + (' —x1") |
S (xt—x) — O —xT) |+ xf—x" < € +e=2eVnm =N
Similarly |x} —x3'| < €V n,m = N, Continuing like this |x} — x| < evVn,m > Nandke N
Hence (x) = (X, X2, X ) X ooeeenenne ) is a Cauchy sequence in C. By the completeness of C, ( x}') converges to x; say, i.e.
lim,,_,, x = x; foreach k € N, And lim,, |( x4 — xg%1) — (xg — x7*]
= (xper —Xks1) — (x¢ — x¢ )| < eVn =N and for each ke N
= M0 — X)) — (X — x )| S eVn=N
Consequently, we have
lx™ = xllp = [x] — x4 ] + Sui (41 —Xks) —(k —x )| S e+ e Vo =N
= ||x"—x||y<2eVn =N
=x™" > xasn—- o
Now we must show that x € 1,,(A).
For this consider

[k = Xpernl = 1 = X8 + 28 — Xghq + X1 — Xpeaal
= |x11(v _xllcv+1 - (xIIcV - Xk _xllcv+1 + i)l
< I — x|+ Sui Ok = i) = (X1 = X))
< lag =g |+ 12 — x| + suﬁl(x;(v = Xi) — (XR41 — Xisn)
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v g — x|+ Il = xll
Science x" € 1,(A),
We have *"Plxf — xpy 1| <coand so |x; —xppq| < Ixf — xyq| + 26

< *lxd — xf 1|+ 2e=p(say) foreachk € N
= "Mxe = Xpeaa| <0
= Ax €l

SXE I, (A)

Hence [, (A) is a Banach space.

IVV. CONCLUSION

Hence | conclude that [, (A) is a Banach space. Similarly I can prove this for other spaces.
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