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Abstract 

 

The aim of this paper is to investigate the multiple attribute decision making problems with intuitionistic fuzzy information, in 

which the information about attribute weights are incompletely known, and the attribute values take the form of intuitionistic 

fuzzy numbers. In order to get the weight vector of the attribute, we establish an optimization model based on the basic ideal of 

traditional gray relational analysis (GRA) method, by which the attribute weights can be determined. For the special situations 

where the information about attribute weights are completely unknown, we establish another optimization model. By solving this 

model, we get a simple and exact formula, which can be used to determine the attribute weights. Then, based on the traditional 

GRA method, calculation steps for solving an intuitionistic fuzzy environment and developed modified GRA method for 

intuitionistic fuzzy multiple attributes decision-making with incompletely known attribute weight information. This paper 

provides a new method for sensitivity analysis of MADM problems so that by sing it and changing the weights of attributes, one 

can determine changes in the final results for a decision making problem. Finally, an illustrative example is given to verify the 

developed approach and to demonstrate its practicality and effectiveness. 

Keywords: MADM, Attribute Weight, IVIFs, Gray Relational Analysis (GRA) Method, Sensitivity Analysis, Ranking 

Methods. 

_______________________________________________________________________________________________________ 

I. INTRODUCTION 

Atanassov (1986, 1989, 2000) introduced the concept of intuitionistic fuzzy set (IFS), which is a generalization of the concept of 

fuzzy set (Zadeh, 1965). The intuitionistic fuzzy set has received more and more attention since its appearance (Atanassov, 1986, 

1989, 1994, 2000; Atanassov&Gargov, 1989; Atanassov, Pasi, &Yager, 2005; Boran, Genç, Kurt, &Akay, 2009; Bustince, 2000; 

Bustine&Burillo, 1996; Bustince, Kacprzyk, &Mohedano, 2000; Chen & Tan, 1994; De, Biswas, & Roy, 2000; 

Deschrijver&Kerre, 2007; Gau et al., 1993; Grzegorzewski, 2004; Hong & Choi, 2000; Li, 2004; Li, 2005, 2008; Li & Cheng, 

2002; Lin, Yuan, & Xia, 2007; Liu, 2007; Li, Wang, Liu, & Shan, 2009; Szmidt&Kacprzyk, 1996a, 1996b, 1996c, 1997, 2000, 

2001a, 2001b, 2002, 2003; Tan & Chen, 2010; Wang, 2009; Wei, 2008; Ye, 2009b). Gau et al. (1993) introduced the concept of 

vague set. But Bustine and Burillo (1996) showed that vague sets are intuitionistic fuzzy sets. Chen and Tan (1994) presented 

new techniques for handling multiple attribute fuzzy decision making problems based on vague set theory. And then Hong and 

Choi (2000) provided another technique for handling multiple attribute fuzzy decision making problems based on vague set 

theory, they provided new functions to measure the degree of accuracy in the grades of membership of each alternative with 

respect to a set of attribute. However, they assumed that the degree of importance to each attribute is constant. Szmidt and 

Kacprzyk (1996b, 1996c, 1996a, 1997) considered the use of intuitionistic fuzzy sets for building soft decision-making models 

with imprecise information, and proposed two solution concepts about the intuitionistic fuzzy core and the consensus winner for 

groupdecision making using intuitionistic fuzzy sets. Szmidt and Kacprzyk (2001a) proposed a non-probabilistic type of entropy 

measure for intuitionistic fuzzy sets. Szmidt and Kacprzyk (2001b) discussed distances between intuitionistic fuzzy sets. 

Bustince (2000) presented different theorems for building intuitionistic fuzzy relations on a set with predetermined properties. Li 

andCheng (2002) studied similarity measures of intuitionistic fuzzy sets and their application to pattern recognitions. Szmidt and 

Kacprzyk (2002) proposed some solution concepts in group decision making with intuitionistic fuzzy preference relations, such 

as intuitionistic fuzzy core and consensus winner, etc. Szmidt and Kacprzyk (2003) investigated the consensus-reaching process 

in group decision making based on individual intuitionistic fuzzy preference relations. Atanassov et al. (2005) provided an 

algorithm for solving the multi-person multi-attribute decision making problems, in which the attribute weights are given as 

exact numerical values and the attribute values are expressed in intuitionistic fuzzy numbers. Li (2005) investigated multiple 

attribute decision making with intuitionistic fuzzy information and constructed several linearprogramming models to generate 

optimal weights for attribute. 
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Atanassov (1994b) and Atanassov and Gargov (1989b) further introduced the interval-valued intuitionistic fuzzy set (IVIFS), 

which is a generalization of the IFS. The fundamental characteristic of the IVIFS is that the values of its membership function 

and non membership function are intervals rather than exact numbers. Bustince and Burillo (1995) and Hong (1998) proposed 

the correlation and correlation coefficient of interval-valued intuitionistic fuzzy sets, which is equivalent generalization of the 

notion of intuitionistic fuzzy sets and interval-valued fuzzy sets. Ye (2009a) proposed a novel accuracy function for interval-

valued intuitionistic fuzzy sets. Park, Kwun, Han Park, and Park (2009) investigated the group decision making problems in 

which all the information provided by the decision-makers is presented as interval-valuedintuitionistic fuzzy decision matrices 

where each of the elements is characterized by interval-valued intuitionistic fuzzy number, and the information about attribute 

weights is partially known. Wei (2010) proposed two new aggregation operators: induced intuitionistic fuzzy ordered weighted 

geometric (I-IFOWG) operator and induced interval-valued intuitionistic fuzzy ordered weighted geometric (I-IIFOWG) 

operator and developed two modelsto solve the MAGDM problems in which both the attribute weights and the expert weights 

take the form of real numbers, attribute values take the form of intuitionistic fuzzy numbers or interval-valued intuitionistic fuzzy 

numbers. Wei (2009) developed some dynamic multiple attribute decision making problems with intuitionistic fuzzy or interval-

valued intuitionistic fuzzy information based on some geometric aggregating operators. 

The aim of this paper is to extend the concept of gray relational analysis (GRA) to develop a methodology for solving MADM 

problems with an intuitionistic fuzzy environment and developed modified GRA method for intuitionistic fuzzy multiple 

attribute decision-making with incompletely known attribute weight information. In order to do so, the rest of this paper is 

organized as follows: next section briefly introduce some basic concepts related to intuitionistic fuzzy sets. In Section 3, we have 

extended the above results to an intuitionistic fuzzy environment and developed modified GRA method for intuitionistic fuzzy 

multiple attributes decision-making with incompletely known attribute weight information. . In Section 4, we offer a new method 

for sensitivity analysis of MADM problems so that by using it and changing the weights of attributes, one can determine changes 

in the results of a decision making problem. In Section 5 we illustrate our proposed algorithmic method with an example. Thus, 

the final section concludes. 

II. PRELIMINARIES 

In the following, we introduce some basic concepts related to intuitionistic fuzzy sets. 

Definition 1. Let Xbe a universe of discourse, then a fuzzy set is defined as 

{ , ( ) | }AA x x x X                                                       (1) 

which is characterized by a membership function : [0,1]A X  , where ( )A x  denotes the degree of membership of the 

element x to the set A(Zadeh, 1965). 

Atanassov (1986, 1989, 2000) extended the fuzzy set to the IFS, shown as follows  

Definition 2. An IFS A in X is given by 

{ , ( ), ( ) | }A AA x x x x X                  (2) 

where : [0,1]A X   and : [0,1]A X  , with the condition 0 ( ) ( ) 1,A Ax x x X       

The numbers ( )A x  and ( )A x  represent, respectively, the membership degree and non-membership degree of the element x to the 

set A. 

Definition 3. For each IFS A in X, if 

( ) 1 ( ) ( ),A A Ax x x x X                                             (3) 

Then ( )A x  is called the degree of indeterminacy of x to A(Atanassov, 1986, 1989, 2000). 

Definition 4. Let 
1 1 1( , )a    and 

2 2 2( , )a    be two intuitionistic fuzzy numbers, then the normalized Hamming distance 

between  

1 1 1( , )a    and 
2 2 2( , )a    is defined as follows: 

 1 2 1 2 1 2

1
( , )

2
d a a         

III. GRA METHOD FOR MULTIPLE ATTRIBUTE DECISION MAKING PROBLEMS WITH INTUITIONISTIC FUZZY 

INFORMATION 

Let A = {A1,A2, . . . ,Am} be a discrete set of alternatives, and G = {G1,G2, . . . ,Gn} be the set of attributes, w = (w1,w2, . . . ,wn) 

isthe weighting vector of the attribute Gj(j = 1,2,. . . ,n), where

1

[0,1], 1
n

j j

j

w w


  . H is a set of the known weight 
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information, which can be constructed by the following forms (Kim &Ahn,1999; Kim, Choi, & Kim, 1999; Park & Kim, 1997; 

Park, Kim, & Yoon,1996), for i j : 

Form 1. A weak ranking:
i jw w ; Form 2.A strictranking , 0i j i iw w     ; Form 3. A ranking of differences:

i j k iw w w w for j k l     ; Form 4. A ranking with multiples: , 0 1i i j iw w    ; Form 5. An interval form:

, 0 1i i i i i i iw            . 

Suppose that ( ) ( , )ij m n ij ij m nR r     is the intuitionistic fuzzydecision matrix, where ij indicates the degree that the 

alternativeAi satisfies the attribute Gj given by the decision maker, mij indicatesthe degree that the alternative Ai does not satisfy 

the attribute Gjgiven by the decision maker, [0,1], [0,1], 1ij ij ij ij       , i = 1,2,. . . ,m, j = 1,2,. . . ,n. 

Gray relational analysis (GRA) method was originally developedby Deng (1989) and has been successfully applied in solving 

a varietyof MADM problems (Deng, 1989; Li, Yamaguchi, & Nagai, 2007;Olson &Wu, 2006; Wu, 2009; Zhang, Wu, & Olson, 

2005). The mainprocedure of GRA is firstly translating the performance of all alternativesinto a comparability sequence. This 

step is called gray relationalgenerating. According to these sequences, an ideal targetsequence is defined. Then, the gray 

relational coefficient betweenall comparability sequences and ideal target sequence is calculated. 

Finally, base on these gray relational coefficients, the grayrelational degree between ideal target sequence and every 

comparabilitysequences is calculated. If a comparability sequence translatedfrom an alternative has the highest gray relational 

degreebetween the ideal target sequence and itself, that alternative willbe the best choice. 

In the following, we apply GRA method to solve intuitionisticfuzzy MADM with incompletely known weight information. 

Themethod involves the following steps: 

 

Step 1. Determine the positive ideal with intuitionistic fuzzyinformation. 

1 1 2 2([ , ],[ , ],...,[ , ])n nr              

Where  

 ([ , ]) max ,min , 1,2,...,j j ij ij
ii

r j n       

 Step 2. Calculate the gray relational coefficient of each alternative from PIS using the following equation: 

1 1 1 1

1 1

min min ( , ) max max ( , )

( , ) max max ( , )

1,2,..., , 1, 2,...,

i m j n ij j i m j n ij j

ij

ij j i m j n ij j

d r r d r r

d r r d r r

i m j n






 

       

 

   






                         (5) 

where the identification coefficient 0.5  . 

Step 3. Calculating the degree of gray relational coefficient of each alternative from PIS using the following equation, 

respectively: 

1

, 1,2,...,
n

i j ij

j

w i m  



 
                          (6) 

The basic principle of the GRA method is that the chosen alternative should have the ‘‘largest degree of gray relation’’ from 

the positive ideal solution. Obviously, for the weight vector given, the larger i


, the better alternative Ai is.  

If the information about attribute weights is incompletely known, in order to get the i


, firstly, we must calculate the weight 

information. The gray relational coefficient between PIS and itself is (1, 1, . . . , 1), so the comprehensive gray relational 

coefficient deviation sum is  

1

( ) (1 )
n

i ij j

j

d w w 



                                                      (7) 

So, we can establish the following multiple objective optimization models to calculate the weight information: 

1

min ( ) (1 ) , 1,2,...,

subject to :

n

i ij j

j

d w w i m

w H

 




  


 

                          (8) 

Since each alternative is non-inferior, so there exists no preference relation on the all the alternatives. Then, we may aggregate 

the above multiple objective optimization models with equal weights into the following single objective optimization model: 

1 1 1

min ( ) ( ) (1 )

subject to :

n m n

i ij j

j i j

d w d w w

w H

 

  


  


 

                          (9) 
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By solving the model (9), we get the optimal solution w = (w1,w2, . . . ,wn), which can be used as the weight vector of 

attributes. Then, we can get 
i
 (i=1,2,…,m) by Eq. (6). 

If the information about attribute weights are completely unknown, we can establish another multiple objective programming 

model as follows: 
2

1

1

min ( ) (1 ) ,

subject to : 1

n

i ij j

j

n

j

j

d w w

w

 






    



 







                                    (10) 

Similarly, we may aggregate the above multiple objective optimization models with equal weights into the following single 

objective optimization model: 

2

1 1 1

1

min ( ) ( ) (1 )

subject to : 1

n m n

i ij j

i i j

n

j

j

d w d w w

w

 

  




     



 


 



                      (11) 

To solve this model, we construct the Lagrange function: 

2

1 1 1

( , ) (1 ) 2 1
m n n

ij j j

i j j

L w w w  

  

 
      

 
                        (12) 

where  is the Lagrange multiplier. Differentiating Eq. (12) with respect to wj (j = 1,2,. . . ,n) and  , and setting these partial 

derivatives equal to zero, we get a simple and exact formula for determining the attribute weights as follows: 
1

1

2 2

1 1 1

(1 ) (1 )
n m m

j ij ij

j i i

w  




 

  

  
    

   
              (13) 

Then, we can get 
i
 (i=1,2,…,m)  by Eq. (6). 

Step 4. Rank all the alternatives Ai (i = 1, 2,. . . ,m) and select the best one(s) in accordance with 
i
 (i=1,2,…,m). If any 

alternative has the highest 
i
 value, then, it is the most important alternative. 

Step 5. End. 

IV. DEVELOPING NEW METHOD FOR SENSITIVITY ANALYSIS OF MADM PROBLEMS 

Earlier researches on the sensitivity analysis of MADM problems often focused on determining the most sensitive attribute. They 

also focused on finding the least value of the change. However, a new method for sensitivity analysis of MADM problems is 

considered in this article that calculates the changing in the final score of alternatives when a change occurs in the weight of one 

attribute.The effects of change in the weight of one attribute on the weight of other attributes are,  

The vector for weights of attributes is  1 2, ,...,t

kW w w w  wherein weights are normalized with a sum of 1 , that is:
1

1
k

jj
w


 , 

(11) With these assumptions, if the weight of one attribute changes, then the weight of other attributes change accordingly, and 

the new vector of weights transformed into  1 2, ,...,t

kW w w w     

The next theorem depicts the changes in the weight of attributes. 

Theorem 4.1.1. In the MADM model, if the weight of the P
th

 attribute, changes by 
p , then the weight of other attributes change 

by j , where: 

.
; 1,2,..., ,

1

p j

j

p

w
j k j p

w


   


                                (14)       

Proof: If the new weight of the attribute is jw  and the new weight of the P
th

 attribute changes as: 

p p pw w  
                                         (15) 

Then, the new weight of the other attributes would change as  

; 1,2,..., ,j j jw w j k j p    
                             (16)  

And because the sum of weights must be 1 then: 

1 1 1 1
0

k k k k

j j j jj j j j
w w

   
                                      (17) 

Therefore: 
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1

k

jp j
j p



   
                                     

(18) 

Where: 

.
; 1,2,..., ,

1

p j

j

p

w
j k j p

w


   


                                

(19) 

Since: 

 

1 1

1

.

1

1

1
1

k k p j
j jp j
j p j p

p

kp
j j
j p

p

p

p p

p

w

w

w
w

w
w

 
 





   









   



 


                              

(20) 

Main result. In a MADM problem, if the weight of the Pth attribute changes from pw
to pw

 as:  

p p pw w  
                                 (21) 

Then, the weight of other attributes would change as: 

1 1
. .

1 1

p p p

j j j

p p

w w
w w w

w w

  
  

 
1,2,..., ,j k j p                           (22) 

Since, for 
1,2,..., ,j k j p 

 we have: 

 

.

1

1 .

1

p j

j j j j

p

j p p j

p

w
w w w

w

w w w

w


     



  




                              
(23) 

 1 . 1
. ;

1 1

p p j p

j j

p p

w w w
w w

w w

  
  

 
1,2,..., ,j k j p                         (24) 

Then, new vector for weights of attributes would be 
 1 2, ,..., ,t

kW w w w   
 that is: 

1
. , 1,2,...,

1

j p

pj

j

p

w j p

ww
w j p j k

w

  


  
                                

(25) 

p p j j

p p p

p p j j

if w w w w
w w

if w w w w

   
     

   

1,2,..., ,j k j p                       (26) 

The sum of new weights of attributes that are obtained in (24)  is 1,because: 

 

 

 
 

1 1 1

1

1

1

1

1

1
. 1

1

k k k
j p p

j j p p p

j j j p
j p j p

k
p p

j p p

jp
j p

p p

p p p

p

w w
w w w w

w

w
w w

w

w
w w

w

  
 




 
       



 
   



 
    



  


 

1 1p p pw w    
                                    (27)
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V. NUMERICAL ILLUSTRATION 

Let us suppose there is an investment company, which wants to invest a sum of money in the best option. There is a panel with 

five possible alternatives to invest the money: A1 is a car company; A2 is a food company; A3 is a computer company; A4 is an 

arms company; A5 is a TV company. The investment company must take a decision according to the following four attributes: G1 

is the risk analysis; G2 is the growth analysis; G3 is the social-political impact analysis; G4 is the environmental impact analysis. 

The five possible alternatives Ai (i = 1,2,3,4,5) are to be evaluated using the intuitionistic fuzzy information by the decision 

maker under the above four attributes, as listed in the following matrix. 

(0.5,0.4) (0.6,0.3) (0.3,0.6) (0.6,0.2)

(0.7,0.3) (0.7,0.2) (0.7,0.2) (0.4,0.5)

(0.5,0.4) (0.5,0.4) (0.5,0.3) (0.4,0.3)

(0.8,0.1) (0.6,0.3) (0.3,0.4) (0.2,0.6)

(0.6,0.2) (0.8,0.1) (0.7,0.1) (0.7,0.3)

R

 
 
 
 
 
 
  

 

In order to get the most desirable alternative(s), then, we utilize the proposed procedure I toget the most desirable 

alternative(s). 

Case 1: The information about the attribute weights is partlyknown and the known weight information is given asfollows: 

 1 2

3 3

4

1

0.23 0.26,0.15 0.18,

0.30 0.35,0.25 0.28,

0, 1,2,3,4, 1j j

j

H w w

w w

w j w


    

   


   




 

Step 1. Determine the positive ideal 

[(0.8,0.1)(0.8,0.1)(0.7,0.1)(0.7,0.2)]r    

Step 2. Calculate the gray relational coefficient of each alternativefrom PIS 

0.3000 0.2000 0.4500 0.0500

0.1500 0.1000 0.0500 0.3000

( , ) 0.3000 0.3000 0.2000 0.2000

0 0.2000 0.3500 0.4500

0.1500 0 0 0.0500

ij jd r r 

 
 
 
 
 
 
    ,   

0.4256 0.5294 0.3333 0.8182

0.5000 0.1304 0.8182 0.5238

0.3333 0.3333 0.5294 0.6471

1.0000 0.5294 0.3913 0.3333

0.5000 1.0000 1.0000 0.8182

ij

 
 
 
 
 
 
  

 

 

Step 3. Utilize the model (9) to establish the following single objective programming model: 

1 2 3 4min ( ) 1.9429 1.8203 1.9278 2.0723

subject to:

w w w w w

w H

    




 

Solve this model, we get the weight vector of attributes: 

W=(0.23, 0.18, 0.34, 0.25) 

Then, we can get the degree of gray relational coefficient of each alternative from PIS 

1 2 3

4 5

0.5117, 0.5476, 0.5458,

0.5417, 0.8396.

  

 

  

 

  

 

 

Step 4. According to the relative relational degree, the ranking order of the five alternatives is:
5 2 3 4 1A A A A A , and thus 

the most desirable alternative is A5. 

Case 2: If the information about the attribute weights are completely changed, we utilize the new method for Sensitivity 

Analysis developed to get the most desirable alternative(s). 

Now we assume that the weight of the 2
nd

 attribute increased by 0.1800p   and be 
2 2 2 0.1800 0.1800 0.3600w w       . 

Then by equation (22), the weight of other attributes change as (28): 

2

2

1
. ; 1,3, 4.

1

(0.1795,0.3600,0.2654,0.1951).

j j

T

w
w w j

w

w


  



 
         (28) 

 

Then, we can get the degree of gray relational coefficient of each alternative from PIS 

'

1

, 1,2,...,
n

i j ij

j

w i m  



 
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' ' '

1 2 3

' '

4 5

0.5156, 0.4560, 0.4466,

0.5389, 0.8748,

  

 

  

 

  

 

 

According to the relative relational degree, the ranking order of the five alternatives are: 
5 4 1 2 3A A A A A , and thus 

the most desirable alternative is also A5. 

From the proceeding figures, it can be observed that even though there are much variation in the attribute weights computed 

from the two different models, there are less variation observed in the coefficients calculated from the two models, hence 

resulting in same ranking of the alternatives from the two models. Hence the proposed MADM model with coefficient of 

intuitionistic fuzzy information’s is an effective model because of its uncompromising ranking of the alternatives even when the 

attribute weights are partially completely unknown and completely changed. 

 
 

 

VI. CONCLUSION 

Decision making is the integral part of human life. Regardless of the variety of decision making problems, we can categorize 

them into two categories, multi objective decision making problems that decision maker must design an approach that has the 

most utility by considering limited resources and multi-attribute decision making problems that decision maker must select one 

alternative from among available alternatives so that has the most utility. Naturally, for selecting an alternative we must consider 

several and often conflicting attributes. 

In this paper, we have investigated the problem of calculating intuitionistic fuzzy information method for acquiring best 

alternative of attribute weight. When the attribute weights of alternatives are changed through Sensitive analysis method and 

when it has been calculated the result which we acquired in the above method that is intuitionistic fuzzy information method and 

sensitive analysis both represented the same desirable alternative. Finally, an illustrative example is given to verify the developed 

approach and to demonstrate its practicality and effectiveness. 
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