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Abstract 

 

In many life testing experiments ‘directions’ are the observations. Directional data have many new and distinctive characteristics 

and challenges in terms of its modelling as well as in conducting statistical analysis. To draw more meaningful inferences, many 

circular models were developed from the existing linear distributions using variety of techniques like wrapping, inverse 

stereographic projections etc. In this article an attempt is made to construct a circular model for the Exponentiated Inverted 

Weibull Distribution by using the method of wrapping. Exponentiated Inverted Weibull is considered to be the most frequently 

used probability distribution for analyzing the life time data with some monotone failure rates. In this paper the probability 

density function, distribution function and characteristic function are derived for this Wrapped Exponentiated Inverted Weibull 

Distribution. The Trigonometric moments and important population characteristics for this wrapped EIW Distribution are 

computed. 
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_______________________________________________________________________________________________________ 

I. INTRODUCTION 

Dattatreya Rao et al (2007) constructed Wrapped Lognormal, Wrapped Logistic, Wrapped Weibull, and Wrapped Extreme Value 

Distributions. Ramabhadra Sarma et al (2009) derived characteristic function of Wrapped Half Logistic and Wrapped Binormal 

Distribution. Mardia and Jupp (2000) gave expressions for population characteristics such as variance, standard deviation, 

skewness, kurtosis etc. for circular distributions. Girija et al (2010) introduced new construction procedures of constructing 

Circular models calling Rising Sun Circular models and studied M L estimation parameters of Cardioid distribution from 

complete samples.  

Contributing to this work, an attempt is made here to derive a new circular model for the Exponentiated Inverted Weibull 

distribution using the method of wrapping. Wrapping is a technique which reduces a linear variable to it’s modulo 2π. The 

density, distribution function, characteristic function for the wrapped Exponentiated Inverted Weibull distribution are derived 

and using the trigonometric moments, important population characteristics for the proposed wrapped EIW distribution are also 

computed. 

This paper is organised as follows. Section 2 describes the Circular probability distribution and the methodology of wrapping 

a linear probability distribution. Section 3 defines the proposed wrapped Exponentiated Inverted Weibull distribution, and 

presents the graphs of density, distribution and characteristic functions for various values of parameters. Important population 

characteristics for the wrapped Exponentiated Inverted Weibull distribution are computed. Section 4 summarises the findings of 

this study. 

For this paper software MATLAB is used for all the computations and for plotting of graphs.  

II. CIRCULAR PROBABILITY DISTRIBUTION 

A circular random variable in a continuous circular distribution  : 0,  2g    is said to be following a circular probability 

density function of g (θ) if and only if g has the following basic properties  

( ) 0,    g                                                                          … (1) 
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( )  1g d



                                                                          … (2) 

( ) ( 2 )g g k     g is periodic , for any integer k (Mardia,2000)            … (3) 

 Method of Wrapping   

If X is a random variable defined on , then the corresponding circular random variable Xw is defined by the modulo 2π 

reduction. 

 2modXX W 
 

If f (x) is the probability density function (pdf) of the linear random variable X then for the circular random variable  Xw, the 

corresponding pdf, g(θ) is defined as, 

( ) ( 2 )

k

g f k  





  , where [0, 2 )   

It can be verified that ( )g   with total probability concentrated on the unit circle  (cos , sin ) / 0 2          in the 

plane and satisfies the properties (1) to (3) above. 

Also the characteristic function for Xw given its distribution function ( )F   is given by 
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It is clear from the above that whenever   0 ,  t 
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 e
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  (Mardia 2000). Implies  t  can only be defined for 

integer values of t. Also the characteristic function for the wrapped distribution is   p
p   and is defined as  
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 Trigonometric moments 

p
 , the pth trigonometric moment is value of the characteristic function 

t
  at   t = p. The real part and the imaginary part of 

p


are trigonometric moments 
p

  and 
p

  respectively and are denoted as 

 cos ,
p

E p   sin
p

E p     Where     p  Z  

III. WRAPPED EXPONENTIATED INVERTED WEIBULL DISTRIBUTION(WEIW) 

The Exponentiated Inverted Weibull distribution is a generalization to the inverted Weibull distribution through adding a new 

shape parameter R


  by exponentiation to Inverted Weibull distribution function. A linear random variable X is said to 

follow a two parameter Exponentiated Inverted Weibull distribution, if the distribution function of X takes the following form 

( )
c

x
F x e


 

  
 

 

Where c and λ are shape parameters and 0 < x < ∞ and c >0, λ>0  

Hence the probability density function of Exponentiated Inverted Weibull distribution is   

( 1)
( ) . .

c
c x

f x c x e




   

  
 
 

 
where 0 < x < ∞ and c >0, λ >0 

Here if λ = 1, this EIW distribution becomes the standard Inverted Weibull distribution and if  c = 1 this distribution represents 

standard Inverted Exponential distribution. 



On Wrapping of Exponentiated Inverted Weibull Distribution  
(IJIRST/ Volume 3 / Issue 11/ 004) 

 

 
All rights reserved by www.ijirst.org 20 

 Probability density function for WEIW distribution 

Applying the method wrapping the pdf for WEIW distribution ( )g   can be written as  

( 1) ( 2 )
( ) . ( 2 )

0

c
c k

g c k e

k


 

   
     

   
 

  
where   0,2    and c >0, λ >0 

The graph depicting the linear representation of the pdf of WEIW distribution for different values of c   keeping the value for 

the parameter λ at 2.0 is as follows: 

 
Fig. 1: PDF of WEIW distribution (Linear Representation) 

The same linear representation of pdf for different values of λ keeping the values for parameters c at 2.0 is obtained as below 

 
Fig. 2: PDF of WEIW distribution (Linear Representation) 

Now the graph depicting the circular representation of the pdf of WEIW Distribution for different values of c  keeping the 

value for the parameter λ at 2.0 is shown below: 
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Fig. 3: PDF of WEIW distribution (Circular Representation) 

Same circular representation for the pdf now for the different values of λ keeping the values for parameters c at 2.0 is obtained 

as below: 

 
Fig. 4: PDF of WEIW distribution (Circular Representation) 

Cumulative Distribution Function for WEIW distribution:  

The Distribution function of the WEIW distribution can be derived as 

( 1) ( 2 )
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c
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  and solving the integral we get  
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  where   0,2    and c >0, λ >0 

The graph for the CDF, G (θ) for WEIW distribution is obtained as below 
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Fig. 5: CDF of WEIW distribution 

Characteristic function for WEIW distribution: 

As discussed in the previous section the characteristic function of EIW distribution is 

( 1)

0
. .( ) ( )

c
itx c x

dxc xt e e



 

  
                                                                     … (4) 

  taking U
c

x


 we get   

( 1/ )

( )

0
( )

c

u it u
dut e e







                                                                                   … (5) 

considering v u  then (5) can be reduced to  
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Now Equation (6) can be written as 
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The convergence of the series in (8) fails at least for some values of c for example when c takes values between 0 and 1 and k 

≠0. To solve this for obtaining the trigonometric moments, the n – point Gauss – Laguerre quadrature formula for numerical 
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integration as given in Rao et al, (1975) is applied for equation (6). For p   the characteristic function of the wrapped 

Exponentiated Inverted Weibull distribution is hence given by 

 
2

0

( )
ipx

dgp e


    

 The real and imaginary parts 
p

  and 
p

  respectively are obtained from the characteristic function of the WEIW distribution. 

The following are the graphs for the characteristic function of the WEIW distribution showing the real part and imaginary part 

separately for different values of c and λ 

 
Fig. 6: Characteristic Function of WEIW distribution (1) 

 
Fig. 7: Characteristic Function of WEIW distribution (2) 

 Population Characteristics:  

Given a Circular distribution, Mardia (2000) had derived expressions for mean direction
o

 resultant length
1

 , Circular 

variance V0, Central Trigonometric Moments ,
p p

 
 

 , Skewness 
1

o
  and Kurtosis 

2
 

o
 . Using these expressions the Population 

Characteristics for the Exponentiated Inverted Weibull distribution for different values of the parameters c and λ are computed 

and tabulated here under. 
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Table – 1 

Characteristics of Exponentiated Inverted Weibull Distribution at λ= 2.0 

c c=0.5 c=1.5 c=2.0 c=2.5 c=3.0 

Trigonometric Moments 
     

α1 -0.0279 0.3009 -0.1147 -0.1098 -0.0063 

α2 -0.1353 -0.1451 -0.4282 -0.2263 -0.4357 

β1 0.5497 0.5067 0.4467 0.7085 0.8347 

β2 0.5425 -0.2179 0.4915 0.1864 0.0940 

Resultant Length 
     

ρ1 0.5504 0.5893 0.4612 0.7170 0.8347 

ρ2 0.5591 0.2618 0.6519 0.2932 0.4457 

Mean Direction 
     

µ0 1.6215 1.0349 1.8222 1.7246 1.5783 

Variance 
     

V0 0.4496 0.4107 0.5388 0.2830 0.1653 

Circular Standard Deviation 
     

σ0 
1.0928 1.0284 1.2441 0.8157 0.6011 

1.0783 1.6371 0.9250 1.5665 1.2712 

Circular Trigonometric Moments 
     

α1
* 0.5504 0.5893 0.4612 0.7170 0.8347 

α2
* 0.0797 -0.1220 0.1383 0.1593 0.4343 

β1
* 0.0000 0.0000 0.0000 0.0000 0.0000 

β2
* -0.5534 0.2317 -0.6371 -0.2461 -0.1005 

Skewness 
     

ϒ1
0 -1.8358 0.8803 -1.6109 -1.6349 -1.4960 

Kurtosis 
     

ϒ2
0 -0.0596 -1.4384 0.3207 -1.3110 -1.8765 

Table – 2 

Characteristics of Exponentiated Inverted Weibull Distribution at c= 2.0 

λ λ=0.5 λ=1.5 λ=2.0 λ=2.5 λ=3.0 

Trigonometric Moments 
     

α1 0.4262 -0.0583 -0.1147 -0.1133 -0.0862 

α2 -0.1147 -0.1268 -0.4282 -0.6898 -0.7536 

β1 0.7225 0.5645 0.4467 0.3626 0.3181 

β2 0.4467 0.4844 0.4915 0.2556 -0.1030 

Resultant Length 
     

ρ1 0.8388 0.5675 0.4612 0.3799 0.3296 

ρ2 0.4612 0.5007 0.6519 0.7357 0.7606 

Mean Direction 
     

µ0 1.0378 1.6738 1.8222 1.8737 1.8353 

Variance 
     

V0 0.1612 0.4325 0.5388 0.6201 0.6704 

Circular Standard Deviation 
     

σ0 
0.5928 1.0645 1.2441 1.3912 1.4899 

1.2441 1.1762 0.9250 0.7835 0.7398 

Circular Trigonometric Moments 
     

α1
* 0.8388 0.5675 0.4612 0.3799 0.3296 

α2
* 0.4465 0.0251 0.1383 0.4215 0.7026 

β1
* 0.0000 0.0000 0.0000 0.0000 0.0000 

β2
* -0.1156 -0.5001 -0.6371 -0.6030 -0.2914 

Skewness 
     

ϒ1
0 -1.7875 -1.7582 -1.6109 -1.2349 -0.5308 

Kurtosis 
     

ϒ2
0 -1.8729 -0.4203 0.3207 1.0420 1.5370 

IV. CONCLUSION 

It can be observed that the Wrapped Exponentiated Inverted Weibull distribution becomes Wrapped model for standard Inverted 

Weibull distribution when λ = 1 and when  c =1, Wrapped Exponentiated Inverted Weibull distribution  becomes wrapped model 

for Exponentiated Inverted Exponential distribution. 

From the population characteristics for the Wrapped Exponentiated Inverted Weibull distribution tabulated above in the last 

section, we can observe that with increasing value of shape parameter c, keeping other shape  parameters λ = 2.0, the Circular 

variance gradually decreased, the distribution is negatively skewed and remained platykurtic.  With increasing value of the scale 
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parameter λ  keeping other scale parameter at c = 2.0  the Circular variance gradually increased, the distribution started shifting 

from negatively skewed to near symmetric and from platykurtic to mesokurtic.   
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