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Abstract

In this paper, we define the concept of a fuzzy and anti-fuzzy normal HX subring of a HX ring also discuss some related
properties of it.
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I. INTRODUCTION

In 1965, Zadeh [15] introduced the concept of fuzzy subset of a set X as a function from X into the closed interval 0 and 1 and
studied their properties. Fuzzy set theory is a useful tool to describe situations in which the data or imprecise or vague and it is
applied to logic , set theory, group theory, ring theory, real analysis, measure theory etc. In 1967, Rosenfeld [13] defined the idea
of fuzzy subgroups and gave some of its properties. In 1988, Professor Li Hong Xing [6] proposed the concept of HX ring and
derived some of its properties, then Professor Zhong [1,2] gave the structures of HX ring on a class of ring. In this paper, we
define the concept of fuzzy normal HX ring and anti-fuzzy normal HX ring of a HX ring by establishing the relation among them
and discussed its properties. We also discuss some results based on homomorphism and anti-hnomomorphism of a fuzzy normal
HX ring and anti-fuzzy normal HX ring of a HX ring.

Il. PRELIMINARIES

In this section, we site the fundamental definitions that will be used in the sequel. Throughout this paper, R = (R, +, -) is a Ring,
e is the additive identity element of R and xy, we mean X.y.

I1l. FuzzY NORMAL HX RING

In this section we define the concept of fuzzy normal HX ring and discuss some related results.
A. Definition

Let R be a ring. Let p be a fuzzy set defined on R. Let R < 2R—{¢} be a HX ring. A fuzzy HX subring A* of R is called a fuzzy
normal HX ring on R or a fuzzy normal ring induced by p if the following conditions are satisfied. For all A, B R, A*(AB) =
A (BA), where A* (A) = max {u(x) /forall xeAc R }.

H. Example

In Example C [10], A*is a fuzzy HX ring on R.
Forall A, B eR, A\'( AB) = A" (BA).
Hence, A*is a fuzzy normal HX ring on $R.

. Theorem

If p is a fuzzy normal subring of a ring R then the fuzzy subset A* is a fuzzy normal HX subring of a HX ring R.
) Proof
Let p be a fuzzy normal subring of R. That is, p(xy) = u(yx), for all x,y eR.
By Theorem ‘D’ [10], A*is a fuzzy HX subring on R.
Forall A, B e,
A* (AB) =max {u(xy) / forall xy eABc R }
= max{w(yx) /forallxy eABc R},
= A" (BA)
A (AB) =AM (BA).
Hence, A* is a fuzzy normal HX subring of a HX ring ‘R.
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2. Theorem

Let u and n be any two fuzzy sets defined on R. Let A* and y" be any two fuzzy normal HX subrings of a HX ring R then the
intersection of two fuzzy normal HX subrings, A* Ny is also a fuzzy normal HX subring of a HX ring R.
11 Proof
Let p and n be any two fuzzy sets defined on R.
Let A* and y" be any two fuzzy normal HX subrings of a HX ring R.
By Theorem ‘H’ [10], A*ny" is a fuzzy HX subring of a HX ring R.
Let A, Be R.
(A yM(AB) = min{A* (AB), v" (AB)}
= min{A* (BA), v" (BA)},
= (W yM(BA).
(W yM(AB) = (M y")(BA).
Hence, A* y" is a fuzzy normal HX subring of a HX ring ‘R.

E. Remark

— The intersection of family of fuzzy normal HX subrings of a HX ring R is also fuzzy normal HX subring of ‘R.
— Let R bearing. Let p and n are fuzzy sets of R and u M 1 is also a fuzzy set of R then ¢* ™" is a fuzzy normal HX subring
of R induced by p m 1 of R.

F. Theorem

If Ay, " are fuzzy normal HX subrings of a HX ring R induced by the fuzzy sets
wn,unnofRthen ™" = A",

1) Proof

By Theorem “J° [10], it is clear.

v. Theorem

Let pn and 1 be fuzzy sets of R. Let R < 2R — {¢} be a HXring. If A*and y" are any two fuzzy normal HX subrings of R then
AR U y" s a fuzzy normal HX subring of ‘R.
1) Proof
Let p and n be fuzzy sets of R.
Let A*and y" be any two fuzzy normal HX subrings of R.
By Theorem ‘M’[ 10] , A* U y" is a fuzzy HX subring of R.
Let A, B € R.
(o) (AB) = max{A* (AB), y" (AB)}
= max{A* (BA), y" (BA)}
= (W UyY(BA).
(UM (AB) = (WU yM)(BA).
Hence, A* U y" is a fuzzy normal HX subring of R.

H. Remark

— Union of family of fuzzy normal HX subrings of a HX ring R is also fuzzy normal HX subring of ‘R.
— Let Rbearing. Let u and n are fuzzy sets of R then ¢* " is a fuzzy normal HX subring of R induced by the fuzzy set p
un of R

f.  Theorem

Let R be aring. Let pand n be fuzzy sets of R. If A#, y", o* " are fuzzy normal HX subrings of a HX ring R induced by p, n, 1
unof R then o#~¥" = A* Uy

1) Proof

By Theorem ‘O’ [10], it is clear.

4. Theorem

Let A* and y" be fuzzy normal HX subrings of HX rings R1 and R, respectively then A*x y" is also a fuzzy normal HX subring
of a HX ring R1 x Ro.

1) Proof

Let u and 1 be fuzzy sets of R.

Let A* and y" be any two fuzzy normal HX subrings of R; and R, respectively.
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By Theorem Q’ [10], A* x y" is a fuzzy HX subring of R1 x Ro.
Let (A, B), (C, D) € R1x R..
(> ) (A, B)-(C,D)) = (Axy") (AC, BD)
= min { A\*(AC), y'(BD)}
= min{ A* (CA), y" (DB)}
=(A*xy1) (CA,DB)
= (xy")((C,D) - (A,B))
(A=) ((A,B)-(CD)) = xy")((C,D)- (A, B)).

Hence, A* x y" is a fuzzy normal HX subring of a HX ring R1 x Ro.

K. Theorem

Let A*and y" be fuzzy subsets of the HX rings R, and R, respectively, such that
M(A) < y2( Q) forall A e Ry, Q! being the identity element of R, . If (A* xy) is a fuzzy normal HX subring of R1 x R»
then A" is a fuzzy normal HX subring of Ri.
1) Proof
Let A" x y" be a fuzzy normal HX subring of Ry x R..
By Theorem “S’[10], A* is a fuzzy HX subring of R.
Let A, B € Ry
Given,
MA) < y( Q) forall A e R
A (AB) = min {1+ (AB), y" (Q'Q")}
= (W xyM((A Q') - (B, QY)
= (wxy((B,QY - (A QY))
= min {3+ (BA), y" (Q'Q"}
= A(BA).
A* (AB) = A (BA).

Hence, A* is a fuzzy normal HX subring of R.

L. Theorem

Let A* and y" be fuzzy subsets of the HX rings R1 and R, respectively , such that y"(A) < A*(Q) for all A € R, , Q being
the identity element of R1. If A* x y"is a fuzzy normal HX sub ring of R1 x R, then y" is a fuzzy normal HX subring of Ro.
1) Proof
Let A*x y" be a fuzzy normal HX subring of R1 x Ro.
By Theorem “T’ [10], y" is a fuzzy HX subring of R..
Let A, B € R..
Given,
(A< A*( Q) forall A e Ro.
v (AB) =min {2*(QQ), v" (AB)}
(A=xyM((Q,A) - (Q,B))
(A=xyM((Q.B)-(Q,A)
= min {A*(QQ), y"(BA)}
= 7'(BA)
v (AB) = v(BA)

Hence, y" is a fuzzy normal HX subring of Ro.

IV. HOMOMORPHISM AND ANTI-HOMOMORPHISM OF A FUZZY NORMAL HX SUBRING OF A HX RING

In this section, we introduce the concept of an image, pre-image of fuzzy subset of a HX ring and discuss the properties of
homomorphic and anti homomorphic images and pre images of fuzzy normal HX subring of a HX ring R .

A. Theorem

Let R1and Rz be any two HX rings on the rings R1and Rz respectively. Let f: R1— R, be a homomorphism onto HX rings. Let
A be a fuzzy normal HX subring of Ry then f ( A*) is a fuzzy normal HX subring of R, , if A* has a supremum property and
M is f-invariant.

1) Proof

Let u be a fuzzy subset of Ry and A* is a fuzzy normal HX subring of Ri.

By Theorem 3.4[12], f ( A*) is a fuzzy HX subring of ‘R..
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There exist X,Y e R; such that f(X), f(Y) € Rz,
(f () (FCX) £(Y)) = (F (A1) (FOXY))
= M (XY)
= M (YX)
= (F() (F(YX))
= (F () (F(V)E(X))
(F ) FOQF(Y)) = (F () (FVEX)).

Hence, f (A\*) is a fuzzy normal HX subring of R».
B. Theorem

Let Ry and R, be any two HX rings on Ry and R respectively. Let f: 1 — R be a homomorphism on HX rings. Let n* be a
fuzzy normal HX subring of R, then f 1 (n®) is a fuzzy normal HX subring of R;.
1) Proof

Let o be a fuzzy subset of R, and n* be a fuzzy normal HX subring of R».
By Theorem 3.5 [12], f 1 (n%) is a fuzzy HX subring of Ri.
Forany XY € Ry, f(X), f(Y) € Ry,

(M) (XY) = n* (f(XY))

n* (f(X) f(Y))

n* (f(Y) (X))
= n* (f(YX))

= (F(") (YX)
(M9 (XY) = (F*09) (YX)

Hence, f 1(n%) is a fuzzy normal HX subring of R,

. Theorem

Let Ry and R, be any two HX rings on R; and R; respectively. Let f: R1 — R, be an anti homomorphism onto HX rings. Let A*
be a fuzzy normal HX subring of i1, then f(A*) is a fuzzy normal HX subring of R, , if A* has a supremum property and A*
is f-invariant.
1) Proof
Let p be a fuzzy subset of Riand A* is a fuzzy normal HX subring of R..
By Theorem 3.6[12], f (\*) is a fuzzy HX subring of R..
There exist X, Y e Ry such that f(X), f(Y) e Ra,
() (FX) £(Y)) = (£ ) (F(Y X)),
= M (YX)
= M (XY)
= (F () (F(XY))
= (F) (FONF(X)
(F ) (FOOFCY)) = (F () (FF(X)).

Hence, f (A") is a fuzzy normal HX subring of R,
{2, Theorem

Let R1and N, be any two HX rings on R; and Ry respectively. Let f: 81 — R, be an anti homomorphism on HX rings. Let n* be
a fuzzy normal HX subring of R, then f (n®) is a fuzzy normal HX subring of Ri.
1) Proof
Let o be a fuzzy subset of R, and n* be a fuzzy normal HX subring of R».
By Theorem 3.7 [12], f 1 (n®) is a fuzzy HX subring of Ri.
Forany X\Y € Ry, f(X), f(Y) € Ry,
(M) (XY) =n* (f(XY))
= n* (f(Y) f(X))
= n* (f(X) f(Y))
= n*(f(YX))
= (f7(") (YX)
(M) (XY) = (F*(n9) (YX)

Hence, f 1(n®) is a fuzzy normal HX subring of R;.
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V. ANTI-FUZZY NORMAL HX RING

In this section we define the concept of anti-fuzzy normal HX ring and discuss some related results.
A. Definition

Let R be a ring. Let p be a fuzzy set defined on R. Let R < 2R~ {¢} be a HX ring. A fuzzy HX subring A, of R is called an anti-
fuzzy normal HX ring on ‘R or an anti-fuzzy ring induced by p if the following conditions are satisfied. For all A, B R,
A (AB) =, (BA), where A, (A)=min { p(x)/forallxeAcR}.

&. Theorem

If p is an anti-fuzzy normal subring of a ring R then the fuzzy subset A, is an anti-fuzzy normal HX subring of a HX ring ‘R.
1) Proof
Let p be an anti-fuzzy normal subring of R. That is, u(xy) = w(yx), for all x,y €R.
By Theorem 3.6 [11], A, is an anti-fuzzy normal HX subring of a HX ring ‘R.
Forall A, B %R,
Au (AB) = min{u(xy) /forallxy eABc R}
= min{p(yx) /forallxy eABc R}
= (BA)
A (AB) = Ay (BA).
Hence, A, is an anti-fuzzy normal HX subring of a HX ring ‘R.

. Theorem

Let p and 1 be any two fuzzy sets of R. Let ® < 28— {¢} be a HX ring. Let A, and vy be any two fuzzy normal HX subrings of
a HX ring R then the intersection of two anti-fuzzy normal HX subrings, A. M vy is also an anti-fuzzy normal HX subring of a
HX ring R.

1) Proof

Itis clear.

. Remark

—  The intersection of family of anti-fuzzy normal HX subrings of a HX ring ‘R is also an anti-fuzzy HX subring of ‘.
— LetR bearing. Let p and n are fuzzy sets of R and p m m is also a fuzzy subset of R then o m 1 is an anti-fuzzy normal
HX subring of R induced by u nn of R.

E. Theorem

Let R be aring. Let p and n are fuzzy sets of R. If Au, v, @uny are anti-fuzzy normal HX subrings of a HX ring R induced by
p,n, pnnofRthen ouan = ApNyn.

11 Proof
Itis clear.
F. Theorem

Let p and 1 are any two fuzzy sets of R. Let R < 2R — {¢} be a HX ring. If A, and y, be any two anti-fuzzy normal HX
subrings of R then A, U yy is also an anti-fuzzy normal HX subring of R.

1) Proof

Itis clear.

r. Remark

— Union of family of anti-fuzzy normal HX subrings of a HX ring ‘R is also an anti-fuzzy normal HX subring of ‘R.

— Let Rbearing. Let u and n be fuzzy sets of R then @u v is an anti-fuzzy normal HX subring of R induced by p w n of
R.

H. Theorem

Let R be aring. Let p and n be fuzzy sets of R. If Ay, yn, ouuy are anti-fuzzy normal HX subrings of a HX ring R induced
bypu,n,nunofRthen ouun = Ap U .

1) Proof

Itis clear.
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f.  Theorem

Let Au and yy be anti-fuzzy normal HX subrings of HX rings R1 and R, respectively then the cartesian anti-product of A, and yy
denoted as Au x yy is also an anti-fuzzy normal HX subring of R1 x R..
11 Proof
Let p and n be fuzzy sets of R.
Let A, and yy be anti-fuzzy normal HX subrings of HX rings R1 and R, respectively.
By Theorem 4.2[11], Au X vy is an anti-fuzzy HX subring of R1 x R,.
Let (A, B), (C, D) € R1x Ro.
(X yn) (A, B)-(C D)) = (Auxn) (AC, BD)
= max{ A (AC), yn (BD)}
= max{i. (CA), yn (DB)}
=(hux1n) (CA, DB)
=(wxm)((C,D)-(A,B))
(axyn ) (A B)-(C D))= (bux ) ((C,D) - (A, B)).
Hence, Au X vy is also an anti-fuzzy normal HX subring of a HX ring ‘R.

4. Theorem

Let . and y, be fuzzy subsets of the HX rings R} and R respectively, such that A.(A) > y4( Q) for all A e R1, Q! being the
identity element of R, .If (A X v ) is an anti-fuzzy normal HX subring of R1 x R, then Ay is an anti-fuzzy normal HX subring
of Ri.
1) Proof
Let (AuX vy ) is an anti-fuzzy normal HX subring of R1 x R,.
By Theorem 4.3[11], A, is an anti-fuzzy HX subring of R.
Given,

M (A) = 1q(QY) for all A e R

M (AB) = max {1 (AB), ya (Q'Q")}
= (> ) (AL Q) - (B, QY)
= (xym) (B, QY- (A Q"))
= max {1x (BA), va (Q'Q")}
= M (BA)
M (AB) = A (BA)

Hence, A, is an anti-fuzzy normal HX subring of Ri.

K. Theorem

Let L. and vy, be fuzzy subsets of the HX rings R1 and R, respectively , such that yn(A) > A.(Q) forall A € R, , Q being
the identity element of Ry. If A, x yyq is an anti-fuzzy normal HX sub ring of R; x R, then yy is an anti-fuzzy normal HX
subring of Ra.
1) Proof
Let AuX vy be an anti-fuzzy normal HX subring of R x Ro.
By Theorem 4.4[11], vy is an anti-fuzzy HX subring of Ro.
Let A, B € R..
Given
1 (A) > Au(Q) forall A e Ry
n (AB) =max {1.(QQ), y (AB)}

= (uxm) ((Q, A) - (Q,B))

= (hxm) ((Q, B) - (Q, A)

= max {A.(QQ),yn (BA)}

n (AB) = yq (BA)}.

Hence, yx is an anti-fuzzy normal HX subring of R..

L. Theorem

Let p be a fuzzy set defined on R. Let A* be a fuzzy normal HX subring of R if and only if (A*)¢is an anti-fuzzy normal HX
subring of R.

1) Proof

Itis clear.
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V1. HOMOMORPHISM AND ANTI-HOMOMORPHISM OF AN ANTI-FUZZY NORMAL HX SUBRING OF A HX RING

In this section, we introduce the concept of an anti-image, anti-pre-image of an anti-fuzzy normal HX subring of a HX ring and
discussed its properties under homomorphism and anti-homomorphism.

A. Theorem

Let R;and R, be any two HX rings on the rings R1 and R respectively. Let f: 1 — R, be a homomorphism onto HX rings. Let
M be an anti-fuzzy normal HX subring of R1 then f ( Ay ) is an anti-fuzzy normal HX subring of R», if A, has an infimum
property and A, is f-invariant.
1) Proof
Let p be a fuzzy subset of Riand A, is an anti-fuzzy HX subring of R..
There exist X, Y e Ry such that f(X) , f(Y) € Ry,

(f () (FOX) = £(Y))= (f (M) (FX-Y)),

= (X2Y)
< max {A(X), M (Y)}
= max {(f (\)) (FOX)), (F (L) (F(Y))}
(F (L) (FOX) = £(Y))< max {(f (A) (F(X)), (F (M) (FCY))}-
(F) FO) F(Y)) - = (£ (W) (FXY))
= M&(XY)
< max {Au (X), A (Y)}
= max {(f () (FOX)), (F () (FCY))}
(F () (FOFCY)) - < max {(f (M) (FOX) , (F (W) (FCY))J-
Hence, f (Ay) is an anti-fuzzy HX subring of Rz,
Also
(f (W) (FOX) £(Y)) = (£ () (FOXY))
= (XY)
= M (YX)
= (F(w) (FCYX))
(fF () (FOOFCY)) = (F (1) (FCY)E(CX)).

Hence, f (Ay) is an anti-fuzzy normal HX subring of R».
#. Theorem

Let )1 and R, be any two HX rings on Ry and R, respectively. Let f: Ry — R, be a homomorphism on HX rings. Let n. be an
anti-fuzzy normal HX subring of R, then f -1 (n4) is an anti-fuzzy normal HX subring of R1.
1) Proof
Let o be a fuzzy subset of R2 and n« be an anti-fuzzy HX subring of .
Forany X,Y € Ry, f(X), f(Y) € Ry,
(F(Ma)) (X-Y) = ma (f(X-Y))
= na (f(X) = f(Y)),
< max {na (f(X)) , na (F(Y))}
= max {(f *(n«)) (X) , (F *(ns) ()}
(f (o)) (X-Y) < max{(f*(n)) (X) , (F *(ns)) (V)}-
M) (XY) = na(f(XY))
= M (f(X) f(Y))
< max {na (f(X)) , na (F(Y))}
= max {(f *(n«)) (X), (F *(ns)) ()}
(f(Me)) (XY) < max{(f *(n«)) (X) , (F *(ns)) (V)}-
Hence, f *(n«) is an anti-fuzzy HX subring of Ry,
Also,
(f*(Me)) (XY) = M (fXY))
= M (f(X) f(Y))
ne (f(Y) £(X))
= Ma(f(YX))
f(na)) (YX)
(M) (XY) = 1)) (YX).
Hence, f (o) is an anti-fuzzy normal HX subring of R
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. Theorem

Let R1and Rz be any two HX rings on the rings R; and Rz respectively. Let f: R1 — R, be an anti-homomorphism onto HX rings.
Let Ay be an anti-fuzzy normal HX subring of R1 then f ( A, ) is an anti-fuzzy normal HX subring of R, , if A, has an
infimum property and A, is f-invariant.
1) Proof
Let p be a fuzzy subset of Ry and Ay is an anti-fuzzy HX subring of Ry, then
There exist X, Y e Risuch that f(X), f (Y) € R2
(£ (M) (FOX) = ()= (f (W) (F(Y-X))
= i (Y-X)
< max { (Y), M (X)}
= max {(f (\)) (FCY)), (F (M) (FCX)) 3
(F () (FOX) = 1(Y)) < max {(f (1)) (FCX)), (F (A)) (FCY))}
(f () (FX) £(Y)) - = (f (W) (F(YX)),
= h(YX)
< max {hu (Y), A (X)}
= max {(f (\)) (FCY)), (F (1)) (FCX))}
(F (L)) FOOFCY)) < max {(f (A) (F(X)) , (F (A0)) (FCY))}-
Hence, f (Ay) is an anti-fuzzy HX subring of R».
Also
(f () (FX) £(Y)) = (£ (M) (F(YX))
= M (YX)
= du (XY)
= (f (W) (FXY))
(F (L)) (FOQECY)) = (F (M) (FVF(X)).

Hence, f (Ay) is an anti-fuzzy normal HX subring of R,
{2, Theorem

Let Ry and R, be any two HX rings on Ry and R respectively. Let f: 1 — R, be an anti-homomorphism on HX rings. Let na be
an anti-fuzzy normal HX subring of R, then 1 (1) is an anti-fuzzy normal HX subring of R1.
1) Proof
Let o be a fuzzy subset of R, and n« be an anti-fuzzy HX subring of R».
Forany X,Y € Ry then f(X),f(Y) e R
(F(Ma)) (X-Y) = na (f(Y-X))
= e (f(Y) = (X)),
< max {na (f(Y)), na (FX))}
<max {(f (o)) (Y), (f *(na)) (X)}
(fF(Ma)) (X=Y) < max{(f*(n«)) (X), (F *(na)) ()}
(f*(Ma)) (XY) = e (f(YX))
= na (f(Y) £(X))
< max {na (f(Y)), na (X))}
< min {(f () (Y), (F *(a)) (X)}
(f (M) (XY) <max{( (M) (Y), (F *(e) )X}
Therefore, f (n) is an anti-fuzzy HX subring of Ri.
Also,
(f*(ne)) (XY) = ma (fXY))
ne (FY) 1(X))
ne (f(X) f(Y))
= Mo (F(YX))
= 7 (na) (YX)
(f(me)) (XY) = F71(na)) (YX).
Hence, f (o) is an anti-fuzzy normal HX subring of Ry,
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