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Abstract 

 

Metric structures on spaces on Euclidean and non-Euclidean spaces enable us to investigate the geometric properties of the 

domains and functions arising from them. In this paper we have considered the study of length structures on smooth manifolds 

under this setting. 
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_______________________________________________________________________________________________________ 

I. INTRODUCTION 

This paper discusses some problems relating to length structures arising from metric on a space. Euclidean frame work is one 

aspect and non-Euclidean case generalizes such notions which in some form provide weaker notions of convexity.   As a result 

we come across the studies pertaining to quasi convexity. In this paper we have considered this general notion of quasi convexity 

and characterized spaces admitting metric structures for the quasi convexity considering several studies carried out in the past for 

instance by the authors [Gehring], [Accola  R.D.M], [Almgren. F], [Bing R.H] and others.    

We need to recall little factual information about metric notions and convexity related ideas for the maps on the spaces. 

Convexity in the sense generalized notion that of c-quasi convexity. This paper is written in 3 sections, the first section deals 

with the introducing notions of metric spaces and topology of metric spaces, in particular if the space is Euclidean.  Second 

section deals with the c-quasi convexity. In the last section we introduce the notion of dilatations (maps f: I  X, where X is a 

smooth manifold) and metric related issues. 

In ℝn the n-dimensional real Euclidean space admitting the standard Euclidean metric the notion of convexity and quasi 

convexity were studied by many. Analysis associated with metric structures and topology induced by it have significantly 

contributed in studying, the nature of closed and totally disconnected sets in ℝn
 closed and totally disconnected sets in  ℝn.  We 

want to take this further and try to understand such sets in a non-Euclidean space. 

II. C-QUASI CONVEXITY 

 Convexity and c-Quasi convexity notions:  

Let ℝn
 be the metric Euclidean in n-dimensional real space and d is the standard Euclidean metric on ℝn. Let   𝐴  ℝn, c ≥ 1 

some constraint. A is said to be convex if the line segment joining every pair of points (x, y) of A given by, (1- λ ) x + λ y 

completely nice in A, where  0 <  λ < 1. Obviously ℝn  is convex for n ≥ 1.We know that a line segment in ℝn
   is a connected 

path if 0  ≤  λ ≤  1, then it includes its endpoints γ : (1- λ ) x + λ y which is a line segment in  ℝn and is a connected path.                            

 Proposition 2.1:  

If γ and μ are two line segment paths in R then we define relation ‘~’ and   say γ is related to μ by this relation if they are line 

segments. Then it is obvious to note that ‘~’ is an equivalence relation for γ’s in R and partitions the set of all such paths into 

equivalence classes. If M denotes the set of all γ’s the M/~ = {[ γ] : γ : I  R is a line segment}. Now we generalize this notation 

for path which are rectifiable (piecewise continuous and regular). 

a) Definition 2.1:  

Let γ be a rectification path γ in R and C ≥ 1 then γ is said to be c-quasi convex if its length is utmost C times that distance 

between its endpoint. 

If γ : I  R is a rectifiable path and γ(a) and γ(b) are its endpoints,  if  l(γ) denotes its length then l(γ)  ≤  Cd(x,y) where x  =  

γ(a),  y  =  γ(b). If d(x, y) = │x - y│ that is the usual distance: R, this means l (γ) ≤ Cd(x,y). They may be skirting. ℝn
   is said to 
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be a c-quasi convex metric space for every pair of point x, y in R l(γ) a rectifiable path in ℝn
 is such that  l(γ) ≤  C d (x, y), then 

we say that it is C-quasi convex. 

If our space is non-Euclidean say a Riemannian manifold or a smooth differentiable manifold that is if M is a smooth n-

manifold which admits a smooth metric (Riemannian) convexity and c-quasi convexity can be defined similarly on M as done 

earlier in the case of ℝn with Euclidean metric.  

III. LENGTH STRUCTURE ASSOCIATED WITH THE PATHS 

From the classical view point of non-Euclidean geometry one would consider a smooth manifold M of dimension n then 

studying smooth sections (vector fields) on their bundles. To study the notions of curvature, covariant derivative and curvature 

the differentiability of the metric (if the manifold is Riemannian of g), the Riemannian metric is taken into account. But the 

notion of the possibility of the norm associated with the metric, in particular when dealing with the length of the curves on M and 

the geodesic distance associated with the metric would rely on the fact that the metric g gives rise to a family of continuous 

norms on the tangent space TxM of M. 

In a general situation like this length structures associated with the manifold and the metric topology have some far reaching 

implications. Here we have considered the rectifiable paths and their lengths, under c-quasi convexity conditions and obtained 

some results characterizing the manifold under the metric structures. 

If no confusion arises then d (f(x), f(y)) is the distance between f(x), f(y) in Y. Instead of dy(f(x), f(y)) same for d(x,y) for  

dx(f(x), f(y)). 

1) If f is an isometry then dil f = 1  

2) If f : [a ,b]  X and f is a line segment in X then 

𝑑𝑖𝑙𝑓 = 𝑠𝑢𝑝 
d( f(x),    f(y) )

d(x,   y)
 𝑥, 𝑦 𝜖 𝑋  a ≤ x    and   b ≤ y. 

Notice that f(x), f(y) are two points on the line segment and therefore d(f(x), f(y)) is the distance between these two points. If 

the metric in X is discrete, then 𝑑𝑖𝑙𝑓 = 𝑠𝑢𝑝 
d(f(x),f(y))

d(x,y)
 𝑥, 𝑦 𝜖 𝑋  

Again if f is also discrete then dil𝑓 = {
   1   if f(x) =  f(y)

0      otherwise
 

 Proposition 3.1:  

If f: [a, b] and dil f is the dilatation off then the following holds dilf =1 if f is an isometry and also if the metric is discrete on [a, 

b] and centered x in X. dilf =1 or 0 if the metric is discrete. 

a) Definition 3.1:  

Let f: X Y be a map, where X and Y are metric spaces then the local dilatation of f at X, for some point x in X is the number 

dilx f = Lim 
𝑓

𝐵(𝑥,𝜖)
 

 

 where B(x, ϵ) is the ball with radius ϵ  > 0 and centered x in X.  

Since the metric in X induces us topology, then any open set in U in X induced by is a metric space such that U  𝑈𝐵(𝑥, 𝜖).  If 

X is compact then U is also compact set in X and hence ),,(
iiXx

xBUU 


 i = {1, 2,……n}. Let K be the min of {1, 2, 

…..n} and .),( UxB
k

 ). Let γ : [ a ,b ]M be a rectifiable path then we introduce the length of γ, l(γ) in terms of l(f) 

where dil f < ∞. Since M is c-quasi convex and l(γ)  ≤  Cd ( x, y), C ≥ 1 (from the definition) we expect  l(γ)  ≤ l(f)   

A map f: [a, b]  M is called Lipchitz if dil f < ∞. It is called λ Lipchitz if dil f ≤ λ and λ is called the Lipchitz constant. So in 

the proposition (above) we have seen that f is     1- Lipchitz if f is an isometry. Otherwise it is a non-trivial Lipchitz constant λ. 

b) Definition 3.2:  

The length of a Lipchitz map:  If f : [ a ,b ] is a Lipchitz map then its length   l(f) =  ∫ 𝑑𝑖𝑙(𝑓)𝑑𝑡.
𝑏

𝑎
 If f is a continuous map then the 

standard length of  





n

i

ii
tftfdfl

1

1
))(,((()(    where a ≤ to ≤ ti  ≤ t i+1 ≤ b a partition of [ a, b ]. If φ is a homeomorphism of 

J into I where J  is also a closed interval then l ( f o φ ) = l (f) are equivalent if f is absolutely continuous. The length structure is 

defined on X by noting the above facts. 

c) Definition 3.3:  

Let X be metric space and C( I ) = { f / f : I  X } where I = [a, b] in R and a map l© = U(I) R satisfying the following 

properties 

1) l(f)  ≥  0 for each f ϵ C and l(f) = 0 if f is a constant. 

2) If JI  , then the restriction to I from any member of C(J) is contained in C(I) (some compatibility  condition) 

3) If φ is a homeomorphism from I onto J and if f ϵ C (J) then   f o φ ϵ C (I) and l (f o φ) = l (f). 

4) For each I = [a, b], the map t  l [f/ [a, b]] is continuous.  

Property (3) is called the invariance in the change of parameter (4) continuity property.  

A pair (X, length structure) becomes a length space. The above discussion leads to the following proposition. 
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 Proposition 3.2:  

If M is a c-quasi convex space with metric structure then M admits a length structure and becomes a length space. 
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