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Abstract 

 

In this paper we investigate system reliability function of an unreliable M/G/1 queue with two types of general heterogeneous 

service and optional repeated service. For the purpose of analysis it is assume that customer arrive to the system according to 

Poisson process.  We derive Laplace Stieltjes Transform (LST) of reliability function by using Supplementary variable technique. 
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I. INTRODUCTION 

Madan et.al [1] studied the queueing system with two types of general heterogeneous by introducing the concept of optional re-

service. In such a model the server provides two types of general heterogeneous services and a customer has the option to choose 

any one of the two types of service before its service start. However, if a customer is not satisfied by the service provided by the 

service channel then it has an option to go for re-service again, otherwise it may leave the system. Further, Madan et.al [2] and Al-

khedhairi and Tadj [3] have investigated similar types of model, where they have introduced the concept of Bernoulli vacation 

policy also.  

The investigation of reliability function for an unreliable server queueing system was first done by Li et.al [4].Tang [5] 

investigated such a model for batch arrival queue. Consequently, Wang [6] studied a similar model for two phase of service.  

Although several aspects has been discussed for two types of heterogeneous service with optional repeated service system and 

unreliable service system separately, however no works has been done on reliability function for this model. Thus in this present 

paper we proposed to analyse reliability function to an unreliable M/G/1 queue provides two types of general heterogeneous service 

with optional repeated service. 

II. MATHEMATICAL MODEL 

We consider an M/G/1 queueing system where the customers arrive according to Poisson process with mean arrival rate ′λ′. There 

is a single server who provides two types of general heterogeneous service to the each customers on first come first served (FCFS) 

basis, before its service starts, each customer (unit) has the option to select either type of service. i.e., each customer has the option 

to select either first type of service (FTS) denoted by S1 with probability p1 or second type of service (STS) denoted by S2 with 

probabilityp2, wherep1 + p2 = 1. In other words, option for choice of a service is given by,  

S = {
S1 with   probability    p1
S2with  probability  p2

 

It is assume that service time random variable Si (i = 1,2) (respectivelyS) of ith type of service (respective total service time) 

follows general law of probability with distribution function (d.f.) Si(x) (respectively S(x)) , Laplace Stieltjes Transform (LST) 

Si
∗(θ) = E[e−θSi] (respectively S∗(θ) =  E[e−θS]) and finite and finite kth moments si

(k)
, i = 1,2 (respectively sk) (k ≥ 1).  

More specifically, the LST of the total service time after the choice of a service is given by 

S∗(θ) = p1S1
∗(θ) + p2S2

∗(θ)                                                                                                                                                                 (1) 

Further, it is assume that as soon as either type of service completed by a customer, such a customer has further option to repeat 

the same type of service once only with probability qi or leave the system with probability (1 − qi), for i = 1,2 . Also, it is assume 

that the service time and repeated service time random variable follows same law of probability distribution. Thus the total service 

time required to a customer to complete the ith type of service ( i = 1,2 ) we may write 

Si = {
Si + Si with  probability  qi
Si with  probability (1 − qi)

 

Clearly the LSTSi
∗(θ) of  Si for i = 1,2 is  

Si
∗(θ) = (1 − qi)Si

∗(θ) + qiSi
∗(θ)Si

∗(θ)                                                                                                                                                 (2) 

Now utilizing equation (2) in (1) for i = 1,2, we get the LST of the total service time provided to a customer by the server is 

given by 
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S∗(θ) = {(1 − q1) + q1S1
∗(θ)}p1S1

∗(θ) + {(1 − q2) + q2S2
∗(θ)}p2S2

∗(θ)                                                                                                 (3) 

This type of model is known as M/G/1 queue with two types of general heterogeneous service and optional repeated service. In 

Kendal’s notation the model can be considered here an M/(G1
G2
) /1 queue, where (G1

G2
) stands for two types of parallel general 

heterogeneous service and has been studied by Madan et, al [6] for batch arrival queue. Now, for further development for such a 

type of model we may further introduce the concept of server’s breakdown, where while the server is working with any type of 

service or repeated service, it may breakdown at any time for a short interval of time. The breakdown i.e., server’s life times are 

generated by exogenous Poisson process with rates α1 for FTS or FTRS (i.e., first type of repeated service) and α2 for STS or 

STRS (i.e., second type of repeated service). 

Further it is assume that arrival process, service time or repeated service time and server’s life time random variables are mutually 

independent of each other. 

III. PREREQUISITE DEFINITION 

Let NQ(t) be the queue size (including the one being served, if any) at time t and Si
0(t) be the elapsed service time of the customer 

for the ith types of service at time t for i = 1,2 denoting type 1 and type 2 service respectively. 

Now, let us consider the following random variable 

Y(t) =

{
 
 

 
 
0, ifthe server is idle at time t                                                                 
1, ifthe server is busy witht ype 1 service at time t                        
2, ifthe server is busy with type 2 service at time t                       
3, ifthe server is busy with repeating type 1 service at time t  
4, ifthe server is busy with repeating type 2 service at time t   

 

We now introduce the supplementary variables Si
0(t) for i = 1,2 in order to obtain a bivariate Markov process {NQ(t), Y(t)}. Next, 

we define the following probabilities 
P0(t) = Pr{NQ(t) = 0, Y(t) = 0} 

And for n ≥ 1 
Pn,1(x; t)dx = Pr{NQ(t) = n, Y(t) = 1;  x < S1

0(t) ≤ x + dx};  x > 0 

Pn,2(x; t)dx = Pr{ NQ(t) = n, Y(t) = 2;  x < S2
0(t) ≤ x + dx};  x > 0 

Qn,1(x; t)dx = Pr {NQ(t) = n, Y(t) = 3;  x < B1
0(t) ≤ x + dx};  x > 0 

Qn,2(x; t)dx = Pr{NQ(t) = n, Y(t) = 4;  x < B2
0(t) ≤ x + dx};  x > 0 

Further, it is assumed that Si(0) = 0, Si(∞) = 1, for i = 1,2; Si(x) is continuous at x = 0, for i = 1,2  so that  

μi(x)dx =
dSi(x)

1 − Si(x)
 

is the first order differential (hazard rate) function of Si for i = 1,2.  

IV. RELIABILITY FUNCTION 

In order to derive the reliability of the server let π be the time to the first failure of the server, and then the reliability function of 

the server is R(t) = P(π > t). 
To obtain the reliability of the server, we consider the failure state of the server be the absorbing state, which yields a new 

system. The Kolmogorov forward equations to derive LST of reliability function of this system (e.g. see Cox [7]) for i = 1,2 can 

be written as follows:       
∂P0(t)

∂t
+ λp0(t)=∑ [(1 − qi) ∫ P0 ,i(x; t)μi(x)dx + ∫ Q0 ,i(x; t)μi(x)dx

∞

0

∞

0
]2

i=1                                                (4) 

And for i = 1,2, and n ≥ 0 

  (
∂

∂t
+

∂

∂x
) Pn,i(x; t) + [λ + αi + μi(x)]Pn,i(x; t) = λ(1 − δn,0)Pn−1 ,i(x; t)                                                                        (5) 

(
∂

∂t
+

∂

∂x
)Qn,i(x; t) + [λ + αi + μi(x)]Qn,i(x; t) = λ(1 − δn,0)Qn−1 ,i(x; t)                                                                      (6) 

These equations are to be solved with initial condition P0(0) = 1 and subject to the following boundary conditions at x = 0 

for i = 1,2;   

Pn ,i(0; t)=∑ [(1 − qi) ∫ Pn+1 ,i(x; t)μi(x)dx + ∫ Qn+1 ,i(x; t)μi(x)dx
∞

0

∞

0
]     2

i=1  λδn,0P0(t)pi ; n ≥ 0                               (7) 

Qn ,i(0; t) = qi ∫ Pn ,i(x; t)μi(x)dx
∞

0
                                                                                       (8) 

Now we introduce the Laplace transform of generating functions for |z| ≤ 1; 

Pi
∗(x, θ; z)=∑ znPn,i

∗ (x; θ)∞
n=0 ;   Qi

∗(x, θ; z)=∑ znQn,i
∗ (x; θ)∞

n=0  for i = 1,2    and  P0
∗(θ) = ∫ e−θtdP0

∗(t)
∞

0
 

Now performing Laplace Transform with respect to equation (4),we get 

(λ + θ)P0
∗(θ) − 1=∑ [(1 − qi) ∫ P0,i

∗ (x; θ)μi(x)dx + ∫ Q0,2
∗ (x; θ)μ2(x)dx

∞

0

∞

0
]2

i=1                                                         (9) 

Similarly from equations from (5) to (8) for i = 1,2 and for n ≥ 0 

(θ + λ + αi + μi(x))Pn,i
∗ (x; θ)+

∂

∂x
Pn,i
∗ (x; θ)= λ(1 − δn,0)Pn−1,i

∗ (x; θ)                                                                          (10) 

(θ + λ + αi + μi(x))Qn,i
∗ (x; θ)+

∂

∂x
Qn,i
∗ (x; θ)= λ(1 − δn,0)Qn−1,i

∗ (x; θ)                            (11) 
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 Pn,i
∗ (0; θ)=∑ [(1 − qi)pi ∫ Pn+1 ,i(x; θ)μi(x)dx + pi ∫ Qn+1 ,i(x; θ)μi(x)dx

∞

0

∞

0
]2

i=1 + λδn,0P0
∗(θ)pi                                    (12) 

Qn,i
∗ (0; θ)=qi ∫ Pn,i

∗ (x; θ)μi(x)dx
∞

0
                                                                                   (13) 

Now multiplying equation (10) and (11) by zn and then taking summation over all possible values of n ≥ 0, we get two set of 

differential equation of Lagrangian type whose solution is given by 

Pi
∗(x, θ; z)=Pi

∗(0, θ; z)[1 − Si(x)] exp{−(θ + αi + ψ(z))x} ; x > 0  for i = 1,2                                                (14) 

Qi
∗(x, θ; z)=Qi

∗(0, θ; z)[1 − Si(x)] exp{−(θ + αi + ψ(z))x} ; x > 0  for i = 1,2                                               (15) 

Similarly from equations (13) we have 

Qi
∗(0, θ; z)=qiPi

∗(0, θ; z)Si
∗(θ + αi + ψ(z))for i = 1,2                                                                        (16) 

Again multiplying equation (15) by zn and then taking summation over all possible values of n ≥ 0 and utilizing equation (16) 

yield 

[z − (1 − q1)p1S1
∗(θ + α1 +ψ(z)) − p1q1 (S1

∗(θ + α1 +ψ(z)))
2

] P1
∗(0, θ; z) + (ψ(z) + θ)P0

∗(θ)p1 =p1 + [(1 − q2)p1S2
∗(θ + α2 + ψ(z)) +

p1q2 (S2
∗(θ + α2 + ψ(z)))

2

] P2
∗(0, θ; z)                    (17) 

[z − (1 − q2)p2S2
∗(θ + α2 + ψ(z)) − p2q2 (S2

∗(θ + α2 + ψ(z)))
2

] P2
∗(0, θ; z) + (ψ(z) + θ)P0

∗(θ)p2 =p2 + [(1 − q1)p2S1
∗(θ + α1 +ψ(z)) +

p2q1 (S1
∗(θ + α1 + ψ(z)))

2

] P1
∗(0, θ; z)                  (18) 

Solving equations (17) and (18), we get for i = 1,2 

Pi
∗(0, θ; z)=

[P0
∗ (θ)(θ+ψ(z))−1]pi

{(1−q1)+q1S1
∗ (θ+α1+ψ(z))}p1S1

∗ (θ+α1+ψ(z))

+{(1−q2)+q2S2
∗ (θ+α2+ψ(z))}p2S2

∗ (θ+α2+ψ(z))−z

                                                                            (19) 

Utilizing equation (13) in equations (10), we get for i = 1,2 

Qi
∗(0, θ; z)=

[P0
∗ (θ)(θ+ψ(z))−1]piqiSi

∗(θ+αi+ψ(z))

{(1−q1)+q1S1
∗ (θ+α1+ψ(z))}p1S1

∗ (θ+α1+ψ(z))

+{(1−q2)+q2S2
∗ (θ+α2+ψ(z))}p2S2

∗ (θ+α2+ψ(z))−z

                                                                            (20) 

Now from equation (14) we obtain 

Pi
∗(θ; z)=∫ Pi

∗(x, θ; z)dx
∞

0
 =

[1−Si
∗(θ+αi+ψ(z))][P0

∗ (θ)(θ+ψ(z))−1]pi
(θ+αi+ψ(z))[{(1−q1)+q1S1

∗ (θ+α1+ψ(z))}p1S1
∗ (θ+α1+ψ(z))

+{(1−q2)+q2S2
∗ (θ+α2+ψ(z))}p2S2

∗ (θ+α2+ψ(z))−z]

 for i = 1,2                                     (21) 

Similarly from equation (15) we get 

Qi
∗(θ; z)=∫ Qi

∗(x, θ; z)dx
∞

0
 =

[1−Si
∗(θ+αi+ψ(z))][P0

∗ (θ)(θ+ψ(z))−1]piqiSi
∗(θ+αi+ψ(z))

(θ+αi+ψ(z))[{(1−q1)+q1S1
∗ (θ+α1+ψ(z))}p1S1

∗ (θ+α1+ψ(z))

+{(1−q2)+q2S2
∗ (θ+α2+ψ(z))}p2S2

∗ (θ+α2+ψ(z))−z]

 for i = 1,2                                        (22) 

Now considering the coefficient 

f(z)={(1 − q1) + q1S1
∗(θ + α1 + ψ(z))}p1S1

∗(θ + α1 + ψ(z)) + {(1 − q2) + q2S2
∗(θ + α2 +ψ(z))}p2S2

∗(θ + α2 +ψ(z)) − z 

It can be shown that the function f(z) is convex. Hence by Rouche’s theorem f(z) has exactly one root k0(θ) inside the unit 

circle  |z| = 1 for Re(z). Therefore we have 

WhereP0
∗(θ)=

1

λ+θ−λk0(θ)
 

Where  k0(θ) is the unique root of the equation  
z = {(1 − q1) + q1S1

∗(θ + α1 +ψ(z))}p1S1
∗(θ + α1 + ψ(z)) + {(1 − q2) + q2S2

∗(θ + α2 +ψ(z))}p2S2
∗(θ + α2 + ψ(z)) 

Hence from equations (9) and (10), we have 

R∗(θ) = P0
∗(θ) + ∑ [Pi

∗(θ) + Qi
∗(θ)]2

i=1 = P0
∗(θ) + ∑ [Pi

∗(θ; 1) + Qi
∗(θ; 1)]2

i=1                                                        (23) 

Where  

Pi
∗(θ; 1)=

[1−Si
∗(θ+αi)][θP0

∗ (θ)−1]pi

(θ+αi)[{(1−q1)+q1S1
∗ (θ+α1)}p1S1

∗ (θ+α1)+{(1−q2)+q2S2
∗ (θ+α2)}p2S2

∗ (θ+α2)−1]
 

Qi
∗(θ; 1)=

[1−Si
∗(θ+α1)][θP0

∗ (θ)−1]piqiSi
∗(θ+αi)

(θ+αi)[{(1−q1)+q1S1
∗ (θ+α1)}p1S1

∗ (θ+α1)+{(1−q2)+q2S2
∗ (θ+α2)}p2S2

∗ (θ+α2)−1]
 

By substituting these values we obtain formula (13) 

Finally, we discuss mean time to the first failure in the following corollary 

 Corollary 4.1: the mean time of the first failure (MTFF) of the server is given by 

MTFF=P0
∗(0)+

[p1α2(1−S1
∗ (α1)){1+q1S1

∗ (α1)}+p2α1(1−S2
∗ (α2)){1+q2S2

∗ (α2)}]

α1α2[1−{{(1−q1)+q1S1
∗ (α1)}p1S1

∗ (α1)+{(1−q2)+q2S2
∗ (α2)}p2S2

∗ (α2)}]
                                                   (24) 

 Proof 

From theorem (4) and the following equation 

MTFF = ∫ R(t)dt = R∗(θ)|θ=0
∞

0
                                                                                      (25) 

Since by Tauberian theorem of Laplace Transform, we have  
lim
θ→0

θ P0
∗(θ) = lim

t→0
P0(t) = P0 

Therefore we get  

P0 = (1 + q1)p1ρ1 + (1 + q2)p2ρ2,  
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Where ρi = λsi
(1)

 

Hence by substituting P0 in (19) we finally obtain (18). 

V. CONCLUSION 

This paper deals with the derivation of Laplace Stieltjes Transform of system reliability function. As possible extensions of this 

model we mention the possibility of different types of vacation policy such as single vacation policy and multiple vacation policy 

as auxiliary tools leading to the development of more versatile queueing models.  
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